Key Points:
In Sect. 2, we present the basic theoretical framework for scattering and absorp-86 tion by spherical particles. We then describe multiple scattering in discrete spherical ran-87 dom media with sizes varying from the length scale of a few wavelengths upwards. We Consider incident electromagnetic plane wave field in free space with wavelength 98 λ and wave number k = 2π/λ. For a spherical particle with size parameter x = ka 99 (a is radius) and complex refractive index m isolated in free space, the extinction, scat-100 tering, and absorption cross sections (respectively σ e , σ s , and σ a ) and efficiencies (q e , 101 q s , and q a ) are [17] (2l + 1)(|a l | 2 + |b l | 2 ), q a = σ a πa 2 = q e − q s .
Here a l and b l are the vector spherical harmonics coefficients of the scattered electromag-
103
netic field:
and Hankel functions j l and h (1) l , 106 ψ l (x) = xj l (x), ξ l (x) = xh (1) l (x).
The single-scattering albedo is
The scattering matrix S and the normalized scattering phase matrix P for spher- 
where the amplitude scattering matrix elements S ⊥⊥ and S are
and P 
in which N is the number of spheres. The partial fields are expanded with the spheri-
122
cal vector wave functions M ν expressed with respect to the origin of the ith sphere as
where a i are the scattering coefficients and ν is the multi-index ν = {n, m, k} with n = 124 1, ..., N, m = −n, ..., n, and k = 1, 2. The scattering equations in coefficient space 125 can be expressed as
size kR α n inc n sca monomer size ka Figure 1 . Discrete spherical random medium of equal-sized spherical particles. The phase angle α denotes the angle between the source of illumination (in the direction −ninc) and the observer (nsca) as seen from the object. The scattering angle is θ = π − α. The size parameters of the random medium and of the particles are kR and ka, respectively. Finally, k = 2π/λ is the wave number and λ is the wavelength. 
129
The scattering equations (9) are solved iteratively by the Generalized Minimum
130
Residual method (GMRES Consider next a finite, spherical medium (radius R, size parameter X = kR) of 137 randomly distributed spherical particles with a volume density of v (Fig. 1) . The finite 138 medium is assumed to be located in free space and an RT-CB solution is searched for In order to proceed, we utilize the spherical geometry once more: consider a spher-
143
ical volume element (radius R 0 , size parameter X 0 = kR 0 ) completely within the ran-144 dom medium. We assign a spherical particle to the volume element if the particle cen- 
where n is the number of volume-element realizations, and E s i is the scattered field from 159 volume-element realization i.
160
The incoherent scattered field from volume-element realization i is then obtained 161 by subtracting the coherent scattered field from the scattered field of the realization,
Consequently, the first moment of the incoherent scattered field vanishes,
and the second moment of the incoherent scattered field equals
Within the present framework, the second moment of the scattered field thus 165 equals the sum of the second moment of the incoherent field and the abso-
166
lute value of the coherent field squared.
167
In the first-order approximation, the scattered far field of volume-element realiza-168 tion i at distance r is the sum of the free-space scattered fields of the N i identical spher-169 ical particles with scattering amplitude A s located at r j (j = 1, . . . , N i ):
where k i = ke z and k s denote the wave vectors of the incident and scattered fields, re-171 spectively.
172
The coherent scattered far field is thus the ensemble average
where r (i) j denotes the location of particle j for the realization i. The incoherent far field 174 of a single realization follows from Eqs. 11, 14, and 15.
175
We can improve the convergence of ensemble-averaging with the help of analyti-
176
cal averaging over orientations. For the coherent scattered field, instead of averaging as
177
in Eq. 15, we average as follows:
It now follows that the ensemble-averaged incoherent scattering matrix of the vol-181 ume element is a pure Mueller matrix obtained by multiplying the Mie scattering ma-182 trix in Eq. 5 by a function H(θ),
sin q|r
where F (θ) is the well-known form factor. Furthermore, we can assign a diagonal inco-184 herent amplitude scattering matrix for the volume element,
The ensemble-averaged incoherent scattering cross section of the volume element
and, consequently, the incoherent scattering coefficient is
The incoherent absorption cross section of the volume element as well as the incoher-189 ent absorption coefficient scale with the help of the incoherent scattering cross sec-190 tion and the cross sections of the spherical particle,
The incoherent extinction cross section and coefficient are
and the mean free extinction path length is
Finally, the single-scattering albedo of the volume element equals
As for the scattering and absorption characteristics of the discrete random medium,
195
we denote the scattering phase matrix by P and the spherical albedo equaling the in- Poisson distribution. At the final stage, we repeat the aforedescribed procedure with a 216 realistic particle-number variance that we describe later in this section.
217
Consider next the convergence characteristics of ensemble-averaging for reduce to unity.
232
If the incoherent extinction, scattering, and absorption characteristics were inde-233 pendent of the volume-element size, we would be able to move forward to the actual RT-
234
CB computations. There are, however, significant differences in the scattering coefficients 235 as well as the scattering matrix element S 11 obtained using different volume elements.
236
The differences arise from the challenges in the forward-scattering hemipshere described 237 above.
238
In order to obtain unambiguous incoherent input characteristics for the RT-CB code,
239
we proceed as follows. First, we start by defining the size parameters of the spherical par- 
286
In the generation of new interaction directions, the scattering angle is generated 
where ∆V denotes intersectional volume of the two elements. In the case of rejection,
313
we repeat the generation of the distance (together with the direction) for the STMM computations is a nontrivial question.
322
In terms of composition, we consider two cases of discrete random media composed 323 of equal-sized, non-absorbing spherical particles. In the first case (ice, Case I), the size 324 parameter is x = 2 and the refractive index is m = 1.31. In the second case (silicate,
325
Case II), the size parameter is x = 1.76 and the refractive index is m = 1.50. Figure   326 2 shows the scattering phase matrix elements for the two spherical particles as a func-327 tion of the scattering angle. These specific kinds of particles have been studied earlier 328 in, e.g., [5] , in the context of coherent backscattering by sparse discrete random media.
329
In particular, there is no significant negative polarization in either case (Fig. 2) .
330
We now compute the incoherent volume-element extinction, scattering, and absorp- 
338
We have repeated the computation of (κ Table 1 . For the cases of dense media, the RT-CB with incoherent input characteristics works 378 perhaps surprisingly well, considering that only first-order input is utilized. There are Table 1 shows the evolution of the incoherent extinction mean free path length and 385 incoherent extinction coefficient for Cases I and II as a function of the volume density.
386
It also shows how the incoherent spherical albedo, geometric albedo, and backscatter-387 ing enchancement factor of the discrete random medium evolve with the volume density.
388
For both cases, the enhancement factor shows saturation towards the highest volume density-389 the saturation is stronger for the silicate case where the mean free path lengths are shorter.
390
We note that, for X 0 = 40, the volume-element size equals the size of the spher- these cases in the analysis, too, as they allow for the formal mapping of the 396 mean free path length with increasing volume-element size.
397
The first results suggest that there is a collective incoherent polarization effect for its of the first-order incoherent treatment exactly are, a task that can be assessed with 419 the help of the Superposition T -matrix method. Second, it is our near-term plan to re-420 place the first-order incoherent interaction with a rigorous treatment, again, using T -matrices.
421
Finally, third, we intend to incorporate nonspherical particles and extend the numeri- 
